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3 Sonar Antenna Design

The characteristic features of a sonar transmitting/receiving
antenna are mainly determined by the

= geometry and shading of the antenna aperture

= properties of the individual transducers.

3.1 Design of the Antenna Aperture

3.1.1 Basic principles

Without loss of generality only transmitting antennas are
considered in the sequel.

The aperture of an extended sound source can be understood
as an arrangement of finite or infinite many point sources.
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Finite or countable infinite many point sources

Let O, denote the amplitude of the n-th point source with n =
1,...,N. The amplitude of the sound generated by the array of
point sources at a particular point P in the three dimensional
space 1s given by

p(r,1)
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where

r"=[r"|=[r—r!| with r"=r-r/, r=(x,y,2)", r'=(x',y',z))"
can be determined either by
H==x) + (r=2) +(2-2))°
or with the law of cosine by
= \/rz +7* =2rr cos(L(r,r)))

with
r=|r|=\/x2+y2+zz, r,;:|r,;|:\/x;2+y;2+Z;2
and
r'r’ XX +yy +zz
cos(L(r,r]))=—" d el

;T )
rr, \/x2+y2+22\/x;2+y;2+z;2
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Assuming, that |r| = N (far-field), i.e.
the vectors r| are nearly parallel, we obtain approximately

=L ([ =20, fr)cos (L(x,1)))
~r\J1-2(r! [r)cos(L(r,r)))

and with

1 1 1 5
Vi+x=l+—x——x"+—x’ ———x*+
2 8 16 128
finally

it~ r(1=(r) /r)cos(£(r,r)))) =r—rl cos(£(r,r))).
Substituting »" in the exponent of p(r,?) by
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r'~r—r cos(£L(r,r)))
and in the denominator by
r'=r (r > rn')

leads to

j(ot=kr) N
€ Jjkr,cos(£L(r,r,))
Qe :

r n=I

p(r,1)=
After normalization by

/o N N 8 .
Q:ZQH’ Where Qn:Qne]an for nzla"'aNa
n=l

we obtain

p(e,1) =L b5(p,0) ),
14
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where

% 1 al ikr! cos(£L(r,r]
b(%e)ZEZQne]k" (£(r,r,))
n=I

denotes the complex beam pattern with

(cospcos®)
r=r|singcosd |, @—Azimuth, - Elevation.

\ sin & )
The squared magnitude in dB
~ ~ 2
B(p,0)=10log,, (e, 9)‘ =20log,,

b(p,0)

is called beam pattern.
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Continuous apertures

The amplitude at a particular point P in the 3-dimensional
space 1s given by

j(a)t—k|r—r,;

p(r,0)=Y q.,AS, % |
k

) Jj(@t=kr))

= ZqS,kASk ° " ?
k r

n

/
r-r,
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where O, =g, ,AS, represents the amplitude of the &-th subap-
erture. For the far-field, i.e. [r|=r>7r/=|r,

V'k, the expression
simplifies to

ej(a)t—kr)

p(r,l‘) = Z qukejkrk' cos(é(r,rzé))ASk.
k

r

Now, taking the limit max {AS, } — 0, the sum turns over into a
surface integral

o (=)

pl0) =S [ g, () s,

r

where g dS can be understood as the amplitude of a transmit-
ter of infinitesimal aperture dS.
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3.1.2 Continuous Apertures

Rectangular Aperture

For a 2-dimensional continuous aperture of rectangular shape
and an coordinate system defined as depicted below,

L r=(x,y, Z)T
/ ,
/ LT l', _ (O, yr, Z’)T

L/% r'=r—r’ X I"=|l‘|=\/x2—|—y2—|—22
_; ds r’/ ) T .1 ' '
%—% r'cos(i(r,r’)):x’r r_yy+z

we obtain

rx! r
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o (@1k7) L2 L2 LT
r

pr.1) = 1 a0ie T ayar

L)

Using the wave number vector representation given by

k (x/r) (cos@cos®)

k=|k, |=k| y/r |=k| sinpcosd | with k:%”
k \Z/l”) \ sin & )

the pressure can be expressed in spherical coordinates by

o (@1k) Lj2 L,)2 o .
p(r, Q, H, t) = J' j qs (y',z') ejk(sm(pcosﬁy +Sm92)dy’d2’.

' _Lp L)

After introducing
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Lz/2 Ly/z

j j .V, ZHdy'dz" with q (v, z")=¢q, (), Z)eja(yz)

—L/Z—

z

we can deﬁne the complex beam pattern

| L2 L)
b((ﬁ, 9) — J‘ J' qs (yr, Z,) ejk(smgocos@ y’+smt92')dyrdzr
Q ~L.[2 -L,/
so that the pressure can be represented by

o

p(r,p,0,t) = 5(¢, 0) Q o/ (@1=kr).
r

Moreover, the complex beam pattern can be interpreted as 2-
dimensional Fourier Transform from the spatial (normalized
aperture function) into the wave-number domain
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1 Lz/2 LJ’/z

ro Jky'+k.ZY) 7 70

bk, k.)=—= j j q.(y',z")e' T ayds
Lj2 L)

Assuming g (y, z) to be constant over the entire rectangular
aperture the complex beam pattern becomes

L, /2 . . _
bk ,k ):L J‘/ oY g ,.LL-‘P Sk sm(kyLy/z) . sm(kZLZ/z)
o Ly y kyLy /2 ksz/z

~L,/2 z-L, /2

or as function of azimuth ¢ and elevation 6 finally
sin(ksingpcos@ L, /2) sin(ksing L_/2)
ksinpcos@ L, /2 ksin@ L_/2
_ sin(zsingcosd L, /Z) sin(zsing L, /)
msingpcos® L, /A rsin@L /A

b(p,0) =
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Typical beam pattern B(¢, 8) of a quadratic aperture
with g (»,z) = const.
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Linear Aperture

The aperture function of a continuous line shaped aperture can
be expressed by

q,(¥,2)=q,(¥)0(2).
Choosing the coordinate system as depicted below

- A

r=(x,,z), r=(0,y,0)

r:|r|:\/xz+y2—|—z2

T_.r 4
/ / rr_yy
r'cos(AL(r,r")) =X =
the pressure becomes
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j(wt—kr) LJ/2 iy
p(r,2) = jqz(y)e "y
r -L/2

Moreover, exploiting y/r =sin@cos@ the pressure can be

written in spherical coordinates as
Jj(ewt—kr) L/2

p(r,e,0,1) = [ a.neteeay.
4 —L/2
After employing the complex beam pattern

L2

3 1 - ,
b((p, H) = — j ql (y!) e]ksm(000s9y dyr,
O_in

we obtain

p(r,p,0,t)= 5(¢, 9) er(m-kr),
v
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N Ljiz v ith N AN Ja(V)
0=, ,a(y)dy with g,(y)=¢,(y)e™"".

The complex beam pattern can be again interpreted as Fourier
Transform from the spatial into the wave-number domain

1 L2 ' kY 70
k)= 5 [ a(he™ " dy

which for g,(y) = const. simplifies to
1 22 sin(k, L /2)
b k - JRyY d r_ y
( y) LJ_L/ze Y kyL/Z
or as function of azimuth ¢ and elevation 6 to
5(0.0) = sin(ksingpcos@ L/2) sin(zsinpcosd L/A)
v ksinpcosé L/2 msinpcos@ L/
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Typical beam pattern B(¢, ) of a linear aperture
with g,(y) = const.
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Typical beam pattern B(¢, ) of a linear aperture
with q,(y) = exp(jksin(z/9)y)
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Circular Aperture

Now, we consider a circular disc shaped continuous aperture.
With an coordinate system as introduced below,

. r=(x,y,z)T
» P
| l" — (O,y’,Z,)T
2 2 2
> r=|r|=\/x +y 4z

T_.r r_l_ /
V’COS(K(I‘,I"))IK’IIL\;, — yy - s

we can derive for the pressure the expression
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p(r,t)— e T aJ:Z qS(r')e‘]k(%y'+ Z]dy'dzr

—a—z

which by employlng
y/r=sinpcosfd and z/r=siné

can be reformulated in spherical coordinates to
j(ot-kr) a a*-z”
~ € ' 'k(sinpcosé y'+sinf z") r g1
p(r,p,0,1t) = J f q,(r)e’ " dydz .
To simplify the evaluation of the integral the following sub-
stitution (polar coordinates) 1s introduced.

y'=r'cosy, Z'=r'siny and dy'dz'=det(D)dydr'=r'dydr’
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with

6 ! 6 ! 6 ! 6 . r _.:
det(d) = det| 21O WOV _ g [eosw sinyy_
oz'/or'  oZ'[ow siny ¥ cosy

Hence, we obtain

o\

p(r,0,0,t) =b(p,0) gej (wt=kr)
y

where
. 1 4% o o
b((ﬂ, H)Z_AI J. qs(l",COS W, I"'Sin W) e]kr (singpcos@ cosy +sinf siny ) V’dl//dl”,
Q 0 -7
1575 . ' (k ks
:EI ,[ g.(r'cosy, rsiny) e’ Y L quydy!
0 -7
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and

[ 4,0 cosy ' sing) Fdyr
with
q.(r'cosy,r'siny) = g _(r'cosy, ' siny) e V)
If the aperture function possesses circular symmetry, 1.€.
q,(r'cosy, r'siny) =g, (1),

the complex beam pattern can be written as
. 1 a T
b(,B):EJ‘J‘ ) ]krsmﬂsmt// ,dl//dl”
0 -7

where f denotes the angle between the vector r and the x-axis.
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For g (r')=1 we obtain

b(f)= 12 j‘(? ejkr'smﬂsinwdz//]r'dr’ziszo(kr’sinﬂ)r’dr’,
ra” 4\ 2 7
where
Jn(x) :L]E ej(xsiny_ny) i (— l)l (xjmzz
27 o l(n+1)!I\ 2

denotes the n-th order Bessel function of the first kind. Final-
ly, exploiting the identity

di(x”Jn(x))Ixn n—l(x) — Ixn n—l(x)dx:ann(x)-l—C
X

the complex beam pattern can be represented by
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B(B) = oz ¥ 0™ = (kasin ),

Typical beam pattern B(/3) of a circular aperture
with g = const.

T T T
' ' ' '
'
'
...............................................................................................................................
' h

10 =

Level [dE]
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3.1.3 Discrete Apertures
Dipole

A dipole consists of two 1n phase opposition working point
sources of equal strength and displaced by d which 1s small
compared to the wave length, i.e. kd =27d/ 1 < 1.

/ ) e=lan) ()
6 / _d

d/2{ / r'cos(£(r,1))) =
{

df2 /
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Supposing O, =—0, =¢q the pressure can be determined by

Jj(owt—kr)
p(r, t) — € é(ejkrl'cos(é(r,rf)) . ejkrz' cos(£(r,ry)) )
r

or in polar coordinates by

ej(a)t—kr) | | | |
p(r,B,t)= é(ejkd/2sln,3 _ e—]kd/Zsmﬂ)
r
Jj(ot—kr)
= 2jsin[ M sinp |44
2 r
Since kd <1 we can approximately write
. [ kd . kd .
sin| —sin f |~ —sin .
2 p ) p
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Hence, after introducing the
beam pattern

b(B)=sin
the pressure can approximately
be calculated by

ej(a)t—kr)

p(r, B.t)~ jkdgb(p)

r

The beam pattern of a dipole
which possesses an "eight cha-
racteristic" 1s shown in the dia-
gram on the right side.
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Linear Array

The aperture function for a discrete linear array can be inter-
preted as a sampled version of a corresponding continuous
linear aperture function, 1.e.

qz(;v)=ZQn S(y—y).

T_.r

rlcos(£(r,r)))= r:” = yi/” = —nd sin f

%—1) dsin 8
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Hence, the pressure wave field can be described by

j(ot—kr) © Yo

e Jk=y
pr.f)=— [a,0ne " ay
ej(a)t—kr) © N-1 iKYy
T IZQn5(y’_YL)€ " dy’
—_op n=0
ej(wt—kr) N-1 Ly
_ ZQn e] ry
r n=0
or in polar coordinates by
ej(a)t—kr) N-1 o
ﬁ(}/‘)ﬂ’ t) — ) ZQnejkynsmﬂ.
n=0
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Moreover, after introducing the complex beam pattern

. 1 M-l L . A N N
b(ﬂ) _ _AZQne]kyn sinff orith Qn _ Qnejan and Q — )
Q n=0 n=0
the wave field can be written as
~ £) = l;' g Jj(ot—kr)
p(r, B,t)=b(p) e :

For 0,=0,=...=0,_,=l,i.e. O =1, =0, and y' =-nd the
complex beam pattern simplifies to
1 N-1

Z; — e—jkndsinﬂ.
(B) N,;:

Furthermore, exploiting the well know result
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N-1 N
q" = —— (finite geometric series)
n=0 q

the complex beam pattern can be written 1n closed form as
1 l_e—jkNdsinﬂ

b(ﬁ): N l_e—jkdsinﬂ )

By taking the magnitude of (/) we obtain

ejkNd/2sin,B _ e—jkNd/Zsinﬂ e—jkNd/2sin,B

b(f)] = N | gikd/2sing _ -jkd[2sinp ' o Jkd]2sin B

1 |sin(Nkd/2sin f3)
N | sin(kd/2sin )
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Assignment 7:

Develop a Matlab program that determines

D A 1 — — jknd sin
B(p) =20log,, |b(f)|=20log,, EZQne sindsn/
n=0
with
A . A N_l A
QO =0e and Q= ZQn
n=0

for the following parameters.
1) d=A4/2,4,24 element spacing
2) Amplitude shading, e.g. chebwin
3) Linear phase shading, i.e. electronic steering

4) Parabolic phase shading, 1.e. beam shaping
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Typical beam pattern B(f) of a linear array with Q = const.
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Chapter 3 / Sonar Antenna Design / Prof. Dr.-Ing. Dieter Kraus 34



INSTITUTE OF
2 WATERACOUSTICS,
SONAR ENGINEERING AND
> SIGNAL THEORY

Hochschule Bremen
% City University of Applied Sciences

Planar Array

The aperture function for a discrete planar array can be also
thought of as a sampled version of a continuous planar aper-

ture function, 1.e. Nl M—1
n=0 m=0
X (0) (0
, r=\y|, r,,=|y |=| nd,
z \Zn) \md,)
_|_
> cos(é(r, nm)) V), +22,

r
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Thus, the pressure wave field can be written as

j(owt—kr) o© ©

: o
p(r,t)= j qu(y e dy'dz’
o/ (@kr) % R N-1M-]
S (Y3 0,,60-y.2-z)e
r —o0 —o0 =0 m=0
(ot—kr) N—1 M- Yo Z
LSS
r n=0 m=0
which by employing

y/r=sinpcosf and z/r=sin6f
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can be reformulated in spherical coordinates to

jlowt—kr) N—-1 M-

~ e .
p(r,9,0,t) = ZZQW, jk(singcosd y, +sinf z,)

r n=0 m=0

lay

5((0, 9) 2 ej(a)t—kr)’
r

where b(p, ) denotes the complex beam pattern defined by

- N-1M-
]k(smgocoseyn+smt92 )
n=0 m=0
with
. _ N-1M- 1
—_ ]an,m
Qn,m T Xn,m € and n,m'
n=0 m=0
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For O, =1 and y,=nd , z,=md_ the beam pattern simplifies to

~ ] && k(nd.,si 0+md_sin @)
+m Sin
b((ﬂ 9): e] nd,, singcos ;
)
NM n=0 m=0
1 N-1 M-

_ ejkndysinqocosﬁ 1 Z jhkmd_sin®
N & M~

Exploiting again the closed form representation for finite geo-
metric series we can state

1 1_ jkNdySin¢)0089 1 l_ejkMdzsine

b(p,0) =

N l_ejkdysin(pcosﬁ M l_ejkdzsiné?z
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Finally, after some reformulations

—jkN/2sinpcosfd, _ ejkN/Z singcosd, ejkN/2 singcosfd,

e

N e—jk/Zsingocos@dy _ejk/Zsingocosﬁdy ejk/2sin(pcosedy X

b(p,0) =

—7kM/2sin@d kM /2 sin@d kM /2 sin@d
1 e’ / - _ o/ / - o / ;

X
—7k/2 sin@d 'k/2sin@d ' k/2sin@ d
M e / / z —8] / z ef / z

the magnitude of b(¢p,d) can be expressed by

5(0.0)]|= 1 |sin(kN/2 singcosfd,) sin(kM/2sin0d.)
v NM | sin(k/2sinpcos@d,) sin(k/2sinfd.)
and 1n decibels by

B(p,0) =20log,,|b(¢,0)| .
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Typical beam pattern B(¢,0) of a rectangular planar array
with O, = const.
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Analogy of transmitter/receiver characteristics

The laws of the sound radiation treated before can be transfer-
red to the sound reception.

That 1s, a sound wave emitted at a point P and measured via
an arrangement of sound-sensitive sensors, €.g. an array of hy-
drophones, provides a superimposed signal that possesses the
same location (direction and range) dependence on P as the
sound pressure 1n the case of sound radiation.

In particular the same principles for the near-field and far-field

transition as well as for the beam pattern apply, cf. to this also
Chapter 5.
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3.1.4 Array Gain and Directivity Index

When projectors resp. hydrophones are assembled 1n arrays the
transmission power can be focused resp. the signal-to-noise
ratio can be improved.

Transmitting Array Gain

Let S(p,0) denote the angular characteristic of the sound field
emitted by each individual projector of an array and let b(p, 6)
represent the beam pattern of the array 1f omnidirectional pro-
jectors would be used, the array gain (AG) 1s defined as

[ T e
_[_ﬂ _“_52 S(p,0)cos0dO0dyp

I _”:25@0, 0)|b(9.0)[ cos0dody )°
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Receiving Array Gain

Now, N(¢,0) represents the angular distribution of the noise
field and b(p, 0) the spatial filter characteristic of an array of
omnidirectional hydrophones. Hence, the array gain (AG) 1s

defined as - \
( j_ j_ //ZN(go,Q)costHdgo

\ J‘—”n .“—7;//22 N(p:

Directivity Index (receive and transmit)

AG =10log,,

6’)‘2 cos@d@dgo).

If S(p,0) 1s omnidirectional resp. N(¢p,8) is isotropic the array
gain simplifies to the so-called directivity index

D]=1010g10(47z/ "] //22 h(0.0)| cos@d@dgo)
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